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Abstract. We investigate the effect of infrared non-locality on the entanglement between
two causally separated open-charts in the deSitter space-time. Inspired by the work of
Maldacena and Pimentel who gave a precise methodology for the computation of the long-
range entanglement for the local massive scalar field theory on deSitter space-time, we aim
to investigate the change in behaviour of this long-range entanglement due to the presence
of infrared non-locality in the theory. By considering a non-local scalar field theory where
the non-locality becomes important in the infrared, we follow the footsteps of Maldacena
and Pimentel to compute the entanglement entropy of the free non-local scalar field theory
in the Bunch-Davies vacuum. It is found that the presence of infrared non-locality will have
strong effect on the long-range entanglement. In some case it is noted that if the strength of
non-locality is large then it will tend to decrease the long-range entanglement in the infrared.
We also consider the behaviour of Re´nyi entropy, where a strong role of non-locality on the
entropy is noticed.
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1 Introduction
Entanglement entropy offers a very valuable insight in to the study of long-range quantum
phenomenon which occurs in condensed matter system (see [1, 2] and the references therein).
This powerful concept also allows one to investigate the nature of long-range correlations
in the field theories, as it gives a way to understand the behaviour of correlation between
different localised subsystems of a quantum system. Local quantum field theory is a well
established framework where meaningful computation can be performed. Moreover, in local
QFTs which are ultraviolet finite it is known that the entanglement entropy follows area
law [3, 4]. However, not much is known about the situation in the case when non-locality is
present in the system. Non-locality is indeed intriguing in the sense the effect it can have on
the long-range entanglement. Recently in [5] a first attempt has been made to investigate
the effect of infrared non-locality on the behaviour of entanglement entropy in anti-deSitter
space-time.
Non-locality is a very crucial feature of quantum field theories which arises naturally at
low-energies due to the running of couplings because of quantum corrections. For example
in quantum theory if the coupling has energy dependence g(µ) (where µ is the running en-
ergy scale), then such running can be incorporated in the action by generalising the coupling
g(µ)→ g(−), where  is the square of covariant derivative. This offers a non-local infrared
modifications of the field theory. In fact such kind of non-local modification has been exten-
sively studied in [6], with the aim of obtaining an infrared non-local modification to gravity.
Such infrared modification of gravity has recently been a subject of great interest due to its
ability in generating a late time cosmic acceleration mimicking dark energy [7–9]. Universe
undergoing an accelerated expansion can be beautifully represented as a deSitter space-time,
thereby putting a strong emphasis on the importance of studying the field theory on deSitter
space-time.
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Recently, studies on non-local theory have gained momentum in regard to ultraviolet
modification of various QFTs where it is seen that such non-local modifications offer a well-
behaved UV finite theory which can be super-renormalizable [10–14]. Such UV modification
of theory by an addition of non-locality provides an extra suppression factor in the propagator
of theories at high-energies thereby rendering the theory well-behaved in UV. Non-local
theories have also been investigated in relation to black-hole information loss paradox [15,
16]. Our aim in this paper is to investigate the infrared low-energy effects of non-local
modifications of theory. We wish to do this by investigating the entanglement between
the two causally dis-connected charts of deSitter space-time. In cosmological scenarios we
expect that entanglement could exists beyond the Hubble horizon as deSitter expansion
will eventually rips off a pair of particle which were created within the causally connected
region (inside Hubble radius). If the system has non-locality (which is generated by some
mechanism) and it becomes dominant in infrared, then such non-locality will very-likely affect
the entanglement of the two causally disconnected regions of deSitter space. It is our aim
to study this effect of non-locality on the entanglement between two causally disconnected
regions of deSitter.
In the paper we consider a non-local scalar field theory which resides on a fixed space-
time (deSitter space-time for this paper). Here the non-locality arises once one of the field
is integrated out from the coupled system of local theory. The residual action describes the
behaviour of the massive non-local scalar field. This non-local theory has recently been
investigated in various contexts [5, 17, 18]. The purpose is to understand the effect of
such infrared non-locality on the low-energy physics. Interestingly it is seen in [18] (see
the references therein for the IR problem of the dS propagator) that the presence of the
non-locality offers a well-behaved infrared finite deSitter propagator of the scalar field theory
which decays at large time scale. DeSitter propagator of massless local scalar field has been
a long standing problem where the propagator gets IR divergences and the massless limit of
massive propagator is not well-defined. It was found in [18] that the presence of non-locality
helps in overcoming these issues very elegantly thereby advocating the importance of non-
local effects in the IR physics. Motivated by this we then investigated the effect of such
non-locality on the behaviour of entanglement entropy on AdS [5] where the universal finite
part was seen to have a characteristic oscillating feature due to the presence of non-locality.
These studies pushed us further to explore the effect this infrared non-locality will have
on the entanglement between two causally disconnected regions of deSitter space-time which
is the work presented in this paper. In [19] the authors investigated the nature of the long-
range entanglement entropy on deSitter space-time, which they found it to be absent in
flat space-time and is only specific to deSitter space-time. They described an elegant way
to specifically extract the part of entanglement entropy which captures information about
the long-range entanglement. We follow the same footsteps described in [19] to investigate
whether the non-locality can play a significant role in affecting the long-range entanglement.
As scalar fields play an important role in cosmology in understanding both early and late-
time universe, it is therefore important to investigate the effect non-localities (which could
have arisen either because of quantum effects or due to some other mechanism) will have on
the long-range entanglement.
The paper is organised as follows. In section 2 we consider the toy model for the non-
local theory. In section 3 we give a setup of the computation of the entanglement entropy in
dS. in section 4 we compute the modes of the non-local scalar field on deSitter. In section 5
we compute the density matrix for our theory and correspondingly compute the entanglement
entropy. We compute the Re´nyi entropy and entanglement negativity for our non-local system
in section 6. We conclude the paper with a summary of results and discussion in section 7.
2 Non-local scalar field
In this section we consider a scalar field theory which leads to non-local action when one of
the scalar gets decoupled from system. Consider the following action,
S =
∫
dx
√−g
[
1
2
(∂φ)2 +
1
2
(∂χ)2 +
m2
2
φ2 − λφχ
]
, (2.1)
where φ and χ are two scalar fields on curved non-dynamical background, λ is their interaction
strength and m is mass of scalar φ. The equation of motion of two fields give (−+m2)φ−
λχ = 0 and −χ − λφ = 0. Integrating out χ from the second equation of motion yields
χ = λ(−)−1φ. This when plugged back into the action (2.1) yields a massive non-local
theory for scalar φ whose action is given by,
SNL =
∫
dx
√−g
[
1
2
(∂φ)2 +
m2
2
φ2 − λ
2
2
φ
1
−φ
]
. (2.2)
This non-local action has issues of tachyon. In simple case of flat space-time it is noticed
that the non-local piece in action reduces to φ(−p)(−λ2/p2)φ(p) (where φ(p) is the fourier
transform of field φ(x)). This piece correspond to something like tachyonic mass indicating
instability of vacuum. Also, in massless case if we write
φ− = (φ+ χ)/
√
2 , φ+ = (φ− χ)/
√
2 , (2.3)
then the local action in eq. (2.1) can be reduced to action of two decoupled free scalar fields
φ− and φ+ of mass-square −λ and λ respectively.
SFT =
∫
dx
√−g
[
1
2
(∂φ−)
2 +
1
2
(∂φ+)
2 − λ
2
φ2− +
λ
2
φ2+
]
. (2.4)
Immediately we notice the field φ− is tachyonic. If we change the sign of λ then φ+ becomes
tachyonic. This tachyonic issue only disappears for case when λ = 0 which correspond to
two uncoupled massless scalar fields. In the massive case things are just more involved, but
tachyonic issue remains. To see this more clearly we make a linear transformation by writing
the original set of field (φ and χ) in terms of new fields (φ1 and φ2) as
φ = A1φ1 +A2φ2 , χ = B1φ1 +B2φ2 . (2.5)
By demanding that the transformed Lagrangian is a decoupled system of two scalars we get
the constraints
A1A2 +B1B2 = 0 , m
2A1A2 − λA1B2 − λA2B1 = 0 . (2.6)
By expressing A1 = κB1 and B2 = −κA2, one can express the transformed lagrangian in
terms of κ, A2 and B1. The parameters B1 and A2 can be determined by requiring to be
nonzero and the kinetic terms for the transformed fields to be in canonical form. This gives
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a condition on the parameter κ to be
λκ2 +m2κ− λ = 0 , (2.7)
and the transformed lagrangian to be
SFT =
∫
dx
√−g
[
1
2
(∂φ1)
2 +
1
2
(∂φ2)
2 − 1
2
λκφ21 +
λ
2κ
φ22
]
, (2.8)
where κ is determined from the equation (2.7). If κ1 and κ2 are two roots of the eq. (2.7),
then they satisfy the relation κ1κ2 = −1. This will mean that one of the transformed field
will be tachyonic in nature. So the tachyonic issue is inherent to the kind of non-local system
considered here.
Such tachyonic problem can be avoided if we consider λ2 → −λ2. In this situations the
poles of the theory are however complex in nature. In particular, when one considers massless
theory where transformation as in eq. (2.3) can be applied, it is found that decoupled action
for two scalar fields φ− and φ+ have mass-square −iλ and iλ respectively. This results
in complex mass-poles. Field theory with complex poles have been a well studied subject
since the 60’s [20–23], where unitarity, causality of such theories have been investigated. In
light of those works one can therefore safely have trust in the exploration of such non-local
theories and consider them as an effective infrared theory which has a one particular kind of
non-locality.
3 Setup for Entanglement Entropy on dS
In this section we study the entanglement entropy for the above non-local quantum field
theory on deSitter space-time. We choose the standard vacuum-state [24–26] (which is com-
monly referred to as Euclidean/Bunch-Davies vacuum) for the field theory described on
non-dynamical background deSitter space-time.
As described in [19], we consider a spherical surface which divides the dS space-time
into interior and exterior regions. The entanglement between the modes lying on the two
sides of the surface is computed by tracing out the modes lying on the exterior. We consider
the size of sphere to be much larger than the deSitter radius, R ≫ RdS = H−1, where H is
the Hubble’s constant. The entanglement entropy is computed using the usual methods and
as expected the UV singularity comes from local physics (having no effect from non-locality)
which we ignore. For very large spheres in four space-time dimensions, the finite piece has
a term that goes as logarithm of the area of surface, we will focus on the coefficient of this
piece. In odd-dimensions there are contribution to finite term which goes like area and a
constant term. In odd-dimensions we therefore focus on the constant term.
We compute the entanglement entropy for the non-local scalar field. To achieve this,
we need to compute the density matrix by tracing out from modes lying outside the surface.
When this spherical surface is taken all the way to the deSitter boundary then it is seen that
the problem has a SO(1, 3) symmetry. The presence of this symmetry offers a helping hand
in the computation of the density matrix and the entanglement entropy associated to it. The
successful computation of the density matrix allows us to compute even Renyi entropies.
We follow [27] in defining entanglement entropy. In a space-time divided in two regions
by a closed surface Σ (the interior being X and the exterior being X¯), then for a given field
theory it is possible to write Hilbert space in to two parts. For example, if we have the
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Hilbert space of the field theory is denoted by H, then it is possible to do an approximate
decomposition of H = HX⊗HX¯ , where HX contain modes localised inside the surface, while
HX¯ contain modes outside surface. The basis in the two regions can then correspondingly
be denoted by |ψn〉X and |ψn〉X¯ . A generic state vector |Ψ〉 can then be expressed as a
superposition
|Ψ〉 =
∑
n,m
Cnm |ψn〉X ⊗ |ψm〉X¯ . (3.1)
The total density matrix then is given by
ρtot =
∑
nm
∑
kl
CnmC
∗
kl |ψn〉X 〈ψk| ⊗ |ψm〉 X¯ 〈ψl| (3.2)
On tracing out modes of either X or X¯ region one obtains the reduced density matrix
ρX =
∑
nm
∑
kl
CnmC
∗
kl |ψn〉X 〈ψk|
∑
j
X¯ 〈ψj|ψm〉 X¯ 〈ψl| |ψj〉X¯ =
∑
nk
(
CC†
)
nk
|ψn〉X 〈ψk| ,
(3.3)
where in performing simplification we have used ortho-normality of states. This shows that
the reduced density matrix in the basis |ψn〉 is given by CC†. This can be diagonalised to
obtain its eigenvalues which we denote as pn. Then the entropy of the system is given by,
S = −
∑
n
pn log pn = −TrρX log ρX . (3.4)
This is the definition of the entropy which we will be using in to compute the entanglement
between modes lying in two regions.
In the case of deSitter space-time in flat slicing, we consider a given time-slice, where
a closed surface Σ divides the region in to interior and exterior: interior X and exterior X¯ .
This again results in a decomposition of the Hilbert space in to two parts. In four space-time
dimensions in flat slicing of deSitter this surface Σ is a closed surface S2 which divides the
space-like hyper-surface in two regions. By tracing out modes either of exterior or interior
one obtains the reduced density matrix whose eigenvalue are used in the computation of the
entropy.
In order to successfully implement this procedures for the case of deSitter we consider
the deSitter space-time in flat slicing in four space-time dimensions:
ds2 =
1
H2η2
[−dη2 + dx21 + dx22 + dx33] , (3.5)
where H is the Hubble scale, η is the conformal time and slicing is done at constant η. In the
case when we have free massive (mass m) local scalar field theory, it is seen that the various
contributions to the entanglement entropy can be structured in the following manner,
S = c1
A
ǫ2
+ log(ǫH)
(
c2 + c3Am
2 + c4AH
2
)
+ SUVfinite , (3.6)
where ǫ is the UV-cutoff and A is the proper area. The first term is the well-known area
entropy [3, 4], which arises from the entanglement of particles residing near the surface.
The terms proportional c2 and c3 are present in flat space-time, while the last term c4 is
dependent on curvature of bulk space. All the UV-divergent terms arise due to local effects,
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their coefficients will be same as in flat space-time. The UV-finite part contains effects from
long-range correlation which has been the subject of investigation recently in various context
[19, 28–37].
In this paper we also study the UV-finite part of the entropy and its behaviour under
the effect of non-locality. As noted in [19] this UV-finite part contains information about
the long-range correlations of the quantum state in deSitter space. Moreover, we expect
that the long-distance part of the state to becomes time-independent. This is inferred by
noticing that such long-range entanglement were established when these distances were of
sub-horizon in size. Once they cross the horizon they tend to freeze and remains undisturbed
by the evolution. As a result the long-distance piece of the entanglement is expected to
be constant at late-times. This implies that if we fix a surface in co-moving coordinates,
then proceeding to late times (which corresponds to limit η → 0) it should be expected
that the entanglement will be constant. It has been noted in [19] this is not true, in the
sense that entanglement increases at long-distances. Moreover, as mass of field decreases the
entanglement becomes further strong hinting that non-locality might have a crucial role to
play.
The finite part of EE then can be written as,
SUV−finite = c5AH2 + c6
2
log
(AH2)+ finite = c5Ac
η2
+ c6 log η + finite , (3.7)
where A is the proper area of the surface and Ac is the area in co-moving coordinates (A =
Ac/(Hη)
2). The coefficient c6 is contains information about the long-range entanglement of
the state, which has been the subject of study in [19] and will also be under investigation in
this paper. We will like to see the effect of non-locality on c6.
To achieve this aim we consider a spherical entangling surface S2 (x21 + x
2
2 + x
2
3 = R
2
c)
with radius Rc ≫ η implying that the surface is much larger than the horizon. Keeping Rc
fixed, the η → 0 limit leads to a surface on boundary which is left invariant by SO(1, 3)
subgroup of SO(1, 4) dS isometry group. We expect that the coefficient c6 to be respecting
this symmetry. It is therefore better to adopt a co-ordinate system where this symmetry
is more manifestly realised. This is two step process: first expressing deSitter in global co-
ordinates where equal time slices are S3, then secondly taking the entangling surface to be
S2 equator of S3 [19]. Moreover, at η = 0 any S2 on the boundary can be mapped to equator
of S3 by exploiting the deSitter isometry. In the end, to order to regularise the problem the
two-sphere is moved to a very late global time surface.
4 Mode functions
In this section we will compute the field modes for our non-local theory. These will be
required in our computation of the entanglement entropy.
The hyperbolic/open slicing of dS can be obtained by doing analytic continuation of
sphere S4 sliced by S3 [38, 39]. The metric in Euclidean signature is given by,
ds2E = H
−2
(
dτ2E + cos
2 τE
(
dρ2E + sin
2 ρ2EdΩ
2
2
))
(4.1)
Analytic continuation of this leads to Lorentzian manifold which can be divided into three
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parts. These Lorentizian manifolds are related to Euclidean in the following way:
R :
{
τE = π/2− itR tR ≥ 0 ,
ρE = −irR rR ≥ 0 ,
C :
{
τE = tC −π/2 ≤ tC ≤ π/2 ,
ρE = π/2− irC −∞ < rC <∞ ,
L :
{
τE = −π/2 + itL tL ≥ 0 ,
ρE = −irL rL ≥ 0 ,
(4.2)
The metric in each region is given by,
ds2R = H
−2
(−dt2R + sinh2 tR (dr2R + sinh2 r2RdΩ22)) ,
ds2C = H
−2
(
dt2C + cos
2 tC
(−dr2C + cosh2 r2CdΩ22)) ,
ds2L = H
−2
(−dt2L + sinh2 tL (dr2L + sinh2 r2LdΩ22)) , (4.3)
In the case of massive scalar as studied in [19] (or spinors [32]) one can solve the equation of
motion for the mode function in the L and R region of dS. In the case when non-locality is
present, one gets a modification for the scalar field action as given in eq. (2.2). This leads
to following equation of motion for the scalar field(
−+m2 + λ
2
−
)
φ(t, r,Ω) = 0 , (4.4)
where  = ∇µ∇µ. The field φ can be decomposed into various modes lying on R and L part
of the dS. The mode-functions also satisfy the eq. (4.4). The operator in the eq. (4.4) being
non-local in nature causes some complications. However, an interesting observation leads to
simplification [5, 17, 18], as the operator can be factored. We will exploit this feature again
to obtain mode-functions for the case presented here. If we have mode-function u−(t, r,Ω)
and u+(t, r,Ω) satisfying
(−+ r2−)u−(t, r,Ω) = 0 , (−+ r2+)u+(t, r,Ω) = 0 . (4.5)
where
r2− = (m
2 −
√
m4 − 4λ2)/2 , r2+ = (m2 +
√
m4 − 4λ2)/2 , (4.6)
then we have that
u(t, r,Ω) = A−u−(t, r,Ω) +A+u+(t, r,Ω) (4.7)
satisfies the eq. (4.4) while
A− = −r2−/(r2+ − r2−) , A+ = r2+/(r2+ − r2−) . (4.8)
Moreover, in the limit λ → 0 (locality limit) the mode-function u(t, r,Ω) reduces to mode-
function for local massive scalar field as A→ 0. We will make use of this knowledge to work
out the mode-functions for our non-local case. This also implies that scalar field φ can be
expressed as a linear combination φ− and φ+: φ =
∑
sAsφs where s = −,+.
This simplifies the problem very much where now one has to solves the mode function
for each part. The equation of motion for the mode function in four dimensions for each part
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is given by: [
1
sinh3 t
∂
∂t
sinh3 t
∂
∂t
− 1
sinh2 t
L
2
H3 +
9
4
− ν2s
]
us(t, r,Ω) = 0 , (4.9)
where L2H3 is the Laplacian on the unit hyperboloid and
ν2s =
9
4
− r
2
s
H2
. (4.10)
The wave-functions are labeled by the quantum numbers corresponding to the Casimir of H3
and angular momentum on S2.
usplm ∼
H
sinh t
χs,p(t)Yplm(r,Ω) , −LH3Yplm = (1 + p2)Yplm . (4.11)
where Yplm are the eigenfunction on the hyperboloid (analogous to spherical harmonics)
[39]. The time-dependent part of the wave-function is contained in χs,p(t) (modulo the
overall factor of 1/ sinh t). The positive frequency wave-function corresponding to Euclidean
vacuum is chosen by demanding them to be analytic when continued to lower hemisphere.
These wave-function of the ±-parts will have support on both the R and L regions of dS.
They are given by,
χsp,σ =


1
2 sinh(pip)
[
epip−iσe−ipiνs
Γ(νs+ip+1/2)
P ipνs−1/2(cosh tR)− e
−pip−iσe−ipiνs
Γ(νs−ip+1/2)
P−ipνs−1/2(cosh tR)
]
,
σ
2 sinh(pip)
[
epip−iσe−ipiνs
Γ(νs+ip+1/2)
P ipνs−1/2(cosh tL)− e
−pip−iσe−ipiνs
Γ(νs−ip+1/2)
P−ipνs−1/2(cosh tL)
]
.
(4.12)
The parameter σ = ±1 and s = +,−. For each σ and s the top line gives the mode-function
on the R-hyperboloid while the lower line is the mode-function on L-hyperboloid. These two
solutions for each values of σ and s form a basis on the R and L region of the dS in terms of
which the scalar field φ can be expanded. The operator φ field will consist of two parts:
φˆ(x) =
∫
dp
∑
s,σ,l,m
[
Asas,σ,plmus,σ,plm +Asa
†
s,σ,plmu¯s,σ,plm
]
, (4.13)
where the functions u’s contain x dependence. In the next section we will use this decompo-
sition to compute the density matrix.
5 Density matrix
To compute density matrix one has to trace out degree of freedom in either R or L region of
dS, to do this it is better to do a change of basis which has support on either R or L region.
For R region we choose the basis function to be P ipνs−1/2(cosh tR) and P
−ip
νs−1/2(cosh tR), and
zero in the L region. These are positive and negative frequency wave functions in the R
region for both values of s = +,−. For the L region same thing holds, the basis is given
by P ipνs−1/2(cosh tL) and P
−ip
νs−1/2(cosh tL) and zero in R region. These should be properly
normalised using the Klein-Gordon norm. The original mode-function in eq. (4.12) can then
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be written in terms of new basis by exploiting matricial form{
χσs = N
−1
P
∑
q=R,L
[
(αs)
σ
qP
q
s + (βs)
σ
q P¯
q
s
]
χ¯σs = N
−1
P
∑
q=R,L
[
(β¯s)
σ
qP
q
s + (α¯s)
σ
q P¯
q
s
] ⇒ χIs = (Ms)IJP Js N−1p , (5.1)
where N−1p is the normalisation factor including the factor of 1/ sinh(πp), σ = ±1, PR,Ls ≡
P ipνs−1/2(cosh tR,L) and χ
I
s = {χσs , χ¯σs }. In should be specified that the repeated s index here
doesn’t imply summation over s. The matrix αs and βs follows from eq. (4.12) and are given
by,
(αs)
σ
R =
epip − iσe−ipiνs
Γ(νs + ip+ 1/2)
, (βs)
σ
R = −
e−pip − iσe−ipiνs
Γ(νs − ip + 1/2) ,
(αs)
σ
L =
σ(epip − iσe−ipiνs)
Γ(νs + ip+ 1/2)
, (βs)
σ
L = −
σ(e−pip − iσe−ipiνs)
Γ(νs − ip+ 1/2) . (5.2)
While the matrix Ms and P
J
s follows from eq. (5.1) and are given by
(Ms)
I
J =
(
(αs)
σ
q (βs)
σ
q
(β¯s)
σ
q (α¯s)
σ
q
)
, P Js = {PRs , PLs , P¯Rs , P¯Ls } (5.3)
respectively. In this new notation the scalar field φ undergoes a basis change. In short-hand
notation it can be written as,
φ(t) =
∑
s=+,−
As(as)Iχ
I
s = N
−1
p
∑
s=+,−
As(as)I(Ms)
I
J P
J
s , (as)I = {(as)σ, (as)†σ} , (5.4)
where the vacuum is defined by (as)σ |Ψs〉 = 0. In order to trace-out modes in the R or L
region, one has to do Bogoliubov transformation to change the basis. In the new basis the
creation and annihilation operators will be different (bs)J = {(bs)R, (bs)L, (bs)†R, (bs)†L}, while
φ(t) =
∑
s (bs)JP
J
s . We can define a matrix (Ms)J = As(Ms)
I
J , where summation over s is
not implied. By using the matrix transformation one can express the operators a’s in terms
of b’s. This is given by,
(as)J = (bs)I
(
M
−1
s
)I
J . (5.5)
As the entries of matrix Ms given in eq. (5.3) which are itself 2× 2 matrix, so one can make
use of inversion formula to obtain the inversion of Ms. The entries of M
−1
s will be given by,
M
−1
s =
(
(γs)
σ
q (δs)
σ
q
(δ¯s)
σ
q (γ¯s)
σ
q
)
, (5.6)
where the entries {γ, δ, δ¯, γ¯} can be expressed in terms of entries of M as follows
γs = A
−1
s (αs − βsα¯s−1β¯s)−1 , δs = −A−1s α−1s βsγ¯s . (5.7)
This immediately gives the expression for the operators as appearing in eq. (4.13) in terms
of new operators bs.
(as)σ =
∑
q=R,L
[
(bs)q(γs)
q
σ + (bs)
†(δ¯s)
q
σ
]
, (5.8)
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where again there is no summation over s. In this sense one can see the Bunch-Davis vacuum
as a Bogoliubov transformed vacua of R and L region.
|Ψs〉 = exp

1
2
∑
i,j=R,L
(ms)ij(bs)
†
i (bs)
†
j

 |Rs〉 |Ls〉 , (5.9)
The matrix (ms)ij can be determined by noting (as)σ |Ψs〉 = 0, which translates in to the
condition (ms)ij(γs)jσ + (δ¯s)iσ = 0. On inversion this gives,
(ms) = −(δ¯s)(γs)−1 = −Γ(νs − ip+ 1/2)
Γ(νs + ip+ 1/2)
2eipiνs
e2pip + e2ipiνs
(
cos πνs i sinh pπ
i sinh pπ cos πνs
)
. (5.10)
It should be mentioned here that the matrix ms doesn’t have dependence on As as it cancels
out. This matrix has a phase factor which is unimportant and can be absorbed in the defini-
tion of operators in new basis. Expressing the phase factor as exp(iθs) (phase corresponding
for each part of φ), it is seen that one has [19]
(ms) = e
iθs
√
2e−ppi√
cosh 2πp + cos 2πνs
(
cos πνs i sinh pπ
i sinh pπ cos πνs
)
. (5.11)
In this form the degree of freedom in the R and L region are still mixed with each other
as a result it is difficult to trace out modes of either R or L. This demands a further
transformation and an introduction of new set of operators (cs)
†
R, (cs)
†
L, (cs)R and (cs)L.
Then the original vacuum |Ψs〉 can be written as
|Ψ〉 = |Ψ+〉
⊗
|Ψ−〉 =

 ∑
n+
R
,m+
L
dn+
R
,m+
L
∣∣n+R〉 ∣∣m+L〉

⊗

 ∑
n−
R
,m−
L
dn−
R
,m−
L
∣∣n−R〉 ∣∣m−L〉

 ,
(5.12)
where dn+
R
,m+
L
, dn−
R
,m−
L
are coefficients while the new set of operators (cs)
†
R, (cs)
†
L satisfy
(cs)
†
R |nsR〉 =
√
nsR + 1 |nsR + 1〉 , (cs)†L |nsL〉 =
√
nsL + 1 |nsL + 1〉 (5.13)
respectively. The new vacua is defined using the new operators (cs)R and (cs)L in the
following manner
(cs)R
∣∣R′s〉 = 0 , (cs)L ∣∣L′s〉 = 0 . (5.14)
The new set of operators can be expressed in terms of b and b† by making use of linear
transformation
(cs)R = us(bs)R + vs(bs)
†
R , (cs)L = u¯s(bs)L + v¯s(bs)
†
L , (5.15)
under the constraint |us|2 − |vs|2 = 1. If we further impose the condition that (csR) |Ψs〉 =
γs(c
s
L)
† |Ψs〉 and (csL) |Ψs〉 = γs(csR)† |Ψs〉, then using eq. (5.15) and (5.9) one can solve for
us, vs and γs, where γs is given by [19, 28]
γs = i
√
2√
cosh 2πp + cos 2πνs +
√
cosh 2πp+ cos 2πνs + 2
. (5.16)
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These set of constraints and conditions also requires that the coefficients dn+
R
,m+
L
, dn−
R
,m−
L
appearing in eq. (5.12) to satisfy the following conditions√
nsR + 1 dnsR+1,m
s
L
= γs
√
msLdnsR,m
s
L
−1 ,√
msL + 1dnsR,m
s
L
+1 = γs
√
nsRdnsR−1,m
s
L
. (5.17)
The only possibility for these two conditions to be simultaneously satisfied is when
dns
R
,ms
L
= |γs|nsR
√
1− |γs|2δns
R
,ms
L
. (5.18)
This particular for the coefficients dn+
R
,m+
L
, dn−
R
,m−
L
when plugged back in eq. (5.12) and
making use of eq. (5.13) results in the following form of the Bunch-Davis vacuum
|Ψs〉 =
√
1− |γs|2
∑
ns
|γs|ns |ns〉R |ns〉L
=
√
1− |γs|2 exp
[
|γs|(csR)†(csL)†
] ∣∣R′s〉 ∣∣L′s〉 . (5.19)
Once we have obtained this then now it is now easy to integrate out modes lying either on
R or L region. The total density matrix is given by,
ρtot = |Ψ〉 〈Ψ| = |Ψ+〉 〈Ψ+| ⊗ |Ψ−〉 〈Ψ−| = ρ+tot ⊗ ρ−tot (5.20)
where
ρstot = (1− |γs|2)
∑
ns,ms
|γs|ns |γs|ms |ns〉R 〈ms| |ns〉 L 〈ms| . (5.21)
Integrating out the R part leaves us with the reduced density matrix ρred. The reduced
density can be computed for both + and −, which is correspondingly given by ρ+red and ρ−red
respectively.
ρred = ρ
+
red ⊗ ρ−red = (1− |γ−|2)(1− |γ+|2)
(∑
n
|γ−|2n |n〉 L 〈n|
)⊗(∑
m
|γ+|2m |m〉 L 〈m|
)
= (1− |γ−|2)(1 − |γ+|2)
∑
n
|γ−γ+|2n |n〉 L 〈n| . (5.22)
From this we notice that the density matrix ρred is diagonal. This reflects from the fact
that there is no entanglement among the states with different SO(1, 3) quantum numbers. It
should be mentioned here that as the non-local system can be expressed as a local system of
two decoupled scalars so the above computations can be repeated for the decoupled system.
In this case again we will find that the total density matrix will be a product of density
matrix corresponding to the two decoupled scalars. This is expected as the lagrangian of the
two theories are related to each other.
Once the density matrix is obtained it is easy to notice the eigenvalues of the density
matrix. They are given by,
pn = (1− |γ−|2)(1− |γ+|2)|γ−γ+|2n = p−n p+n . (5.23)
From this one can immediately compute the entanglement entropy using S = −∑n pn log pn.
– 11 –
This gives,
S(p, ν+, ν−) = −(1− |γ−|2)(1 − |γ+|2)(1− |γ−|2|γ+|2)−1
×
[
log{(1− |γ−|2)(1− |γ+|2)}+ |γ−|
2|γ+|2
(1− |γ−|2|γ+|2) log
(|γ−|2|γ+|2)
]
. (5.24)
This has symmetry γ− ↔ γ+. The final entropy is computed by summing eq. (5.24) over
all the states. The quantity c6 which contains information of long range correlations as
mentioned in eq .(3.7) can be obtained by integrating over p and the volume integral over the
hyperboloid. In other words, we use density of states on the hyperboloid. The full entropy is
S(ν+, ν−) = VH3
∫
dpD(p)S(p, ν+, ν−) , (5.25)
where D(p) = p3/(2π2) is the density of states for the hyperboloid [40] and VH3 is the volume
of hyperboloid. This volume is infinite as the entangling surface is taken all the way up η = 0.
It is regularised by applying a radial cutoff which implies putting the entangling surface at
finite time. As we are interested in the coefficient of log η in the EE, so the precise way of
implementing the cutoff at large volumes doesn’t matter. The final answer for the coefficient
c6 of the log η in EE is given by [19],
Sintr ≡ c6 = 1
π
∫ ∞
0
dp p2S(p, ν+, ν−) , (5.26)
where S(p, ν+, ν−) is given in eq. (5.24). At this point we notice that there system has two
parameters: m and λ (apart from H) which create an interesting interplay.
5.1 Locality limit λ→ 0
In the case when there is no non-locality (λ → 0) we notice that r2− → 0 and r2+ → m2. In
this limit then we have ν− → 3/2 while ν+ →
√
9/4−m2/H2. In this limit A− → 0, as a
result the mode-function for non-local case will reduce to massive local case. However, it is
noticed that the contribution of this (−) piece doesn’t disappear from the entropy, as |γ−|
doesn’t vanish. In this case although r2− goes to zero, still the corresponding density matrix
is not unity. In this limit we have |γ−| given by,
|γ−| =
√
2√
cosh 2πp − 1 +√cosh 2πp + 1 = e
−ppi ,
|γ+| =
√
2√
cosh 2πp+ cos 2πν+ +
√
cosh 2πp+ cos 2πν+ + 2
. (5.27)
It should be noticed that even though we are considering the locality limit (λ → 0), still
γ− 6= 1 (happens only for p = 0). This implies that the eigenvalues of the density matrix ρ−red
are p−n = (1−e−2ppi)e−2nppi. These eigenvalues are equal to unity only for some special values
of p. This is interesting in the sense that even though the non-locality is slowly removed
it still leaves an imprint behind on the density matrix. This can also be understood from
the fact the local system of two decoupled scalars stated in eq. (2.8) reduces in the limit
λ→ 0 to a decoupled system of massless and a massive scalar field. The massless scalar give
rise to an additional contribution to the entanglement. In this sense our non-local system is
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different from the local system of a single scalar field considered in [19], as in our case there
is a presence of an additional massless scalar field.
The entropy S(p, ν+, ν−) computed using the γ− and γ+ given in eq. (5.27) differs from
the case of massive local scalar field and matches only for the case of p = 0 (when γ− → 1).
We consider it as an imprint of non-locality. In figure 1 we plot the entropy for the case of
local field theory (λ → 0). In this case we also notice some oscillations in the behaviour of
entropy. This is normal as it is also true for the case of massive local scalar field theory if
ν2 > 9/4. This is the tachyonic regime [19].
Figure 1. Plot of entropy Sint/Sint,1/4 for the case λ → 0. In this case r2+ → m2 and r2− → 0. We
plot this against ν2+ = 9/4−m2/H2 (where we take H = 1). We have plotted the entropy for both
physical and tachyonic mass indicating the behaviour of entropy for physical and tachyonic mass.
5.2 Massless limit m→ 0
In this section we consider the massless case (m → 0 limit). In this case r2− → −iλ while
r2+ → iλ (or in the case with positive sign of λ2 one will have r2− → −λ and r2+ → λ). This
gives the corresponding ν± to be
ν2+ =
9
4
+
√−λ2
H2
, ν2− =
9
4
−
√−λ2
H2
. (5.28)
This then gives the corresponding γ± following eq. (5.16). In the massless case ν± can be
written in complex form (if λ2 → −λ2 then ν2± will be real). The expression for γ± involves
cos 2πν±. This is complex for complex ν±. Although γ± is complex but the quantity that
enters the definition of the entropy is the absolute value of γ±, which is real. The expressions
however are very complicated. It is worthwhile to investigate how the entropy behaves as a
function of non-locality strength λ. We consider two cases of theory given in eq. (2.2) which
are related to each other by transformation λ2 → −λ2. In the later we have a tachyon while
in former we have complex poles. In the case when we have complex mass poles it is seen
that the entropy first increases then decays exponentially. In the case when we have tachyon
in theory then the entropy is seen to exhibits a oscillatory behaviour which is expected even
– 13 –
for massive local theories for tachyon field. These two situations can be better understood
by considering the corresponding local theory stated in eq. (2.8). In the massless case it is
noticed from eq. (2.7) that κ has two simple solutions ±1. This decoupled system of two
scalars will then give rise to corresponding entanglement entropy agreeing with above case.
So the case of decaying entanglement will correspond to scalar with complex masses in the
decoupled system while the oscillating case will have a scalar with tachyonic mass.
Figure 2. Plot of entropy Sint/Sint,1/4 for the case m→ 0. We plot this against λ2 (where we take
H = 1). This takes care of both ±λ2. In either case entanglement entropy is seen to decrease as
non-locality strength increases.
5.3 m 6= 0 and λ 6= 0
In the case when both m and λ are non-zero then the entropy gets a more richer structure
as there are two parameters. In the paper by [19] it was noticed that in local field theory as
the mass decreases the long-range entanglement increases, which is a feature of deSitter. We
decided to plot these cases to see the behaviour of entanglement entropy with varying λ and
m. This behaviour is depicted in figure 3.
6 Re´nyi entropy and negativity
From the density matrix and eigenvalues one can also define the corresponding Re´nyi-entropy
which is defined as
Sq =
1
1− q log Tr
(
ρqred
)
, q > 0 , (6.1)
where ρred is the reduced density matrix computed earlier. In the limit q → 1 it reduces to
the definition of entanglement entropy. The eigenvalues of the reduced density matrix are
known and for our theory it is given in eq. (5.23). This then becomes
Sq =
1
1− q log
∑
k
pqk . (6.2)
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Figure 3. Plot of entropy Sint/Sint,1/4 for varying λ and m (where we take H = 1). It is seen that
for small mass the entropy first increases then decreases as non-locality λ increases.
For the eigenvalues pk given in eq. (5.23) one can perform the infinite summation easily as it
is a geometric series. The expression for Sq associated with each SO(1, 3) quantum number
is given by,
Sq(p, ν−, ν+) =
q
1− q log
(
1− |γ−|2
)
+
q
1− q log
(
1− |γ+|2
)− 1
1− q log
(
1− |γ−γ+|2q
)
. (6.3)
Then according as before we integrate Sq(p, ν−, ν+) with the density of states for the H
3.
This will give the piece of the Re´nyi entropy which contributes to long range
Sq,int ≡ c6 = 1
π
∫ ∞
0
dp p2Sq(p, ν−, ν+) . (6.4)
Now various values of q correspond to various interesting situations. For q → 0, the Re´nyi
entropy measures the dimension of the density matrix. It is also called Hartley entropy [41].
For q → 1/2 one gets a very simple expression for the Sq.
S 1
2
(p, ν−, ν+) = log
[
(1− |γ−|2)(1− |γ+|2)
(1− |γ−γ+|)2
]
. (6.5)
In the case when ν− = ν+ = ν then S1/2 = 0. In figure 4 we plot the behaviour of Re´nyi
entropy for various values of q and massless non-local theory.
The particular value of q= 1/2 has relation with entanglement negativity, which is a
measure of the quantum entanglement between the two regions [42–44]. For our case it can be
defined using the full density matrix ρ = |Ψ〉 〈Ψ|, where |Ψ〉 is given in eq. (5.12). If the basis
for the R and L region is denoted by Ri and Li, then the transposed matrix (ρL)
T can be
defined as
〈
RiLj
∣∣ (ρL)T ∣∣RkLm〉 = 〈RiLm∣∣ ρ ∣∣RkLj〉. Using which one can express negativity
as E ≡ ln Tr|(ρL)T | where Tr|(ρL)T | is the sum of the absolute value of the eigenvalues (ρL)T .
For pure state [42] then the negativity equals the value corresponding to q = 1/2. This then
immediately gives the finite interesting piece of the negativity as [19]
Eintr = 1
π
∫ ∞
0
dpp2S1/2(p, ν−, ν+) , (6.6)
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Figure 4. Plot of Re´nyi entropy Sq,int/Sq,int,1/4 for varying λ
2 (where we take H = 1). We plot
the entropy for the case of q = 0.2, q = 0.4, q = 0.7 and q = 0.99. We consider the case of massless
non-local theory.
where S1/2(p, ν−, ν+) is given in eq. (6.5).
7 Conclusions
In this paper we explore a non-local scalar-field theory. We start by showing that this
non-locality can also be obtained starting from a local coupled system of two scalars by
integrating out one of the scalar field. We further show that this coupled system can actually
be expressed as a system of decoupled scalar fields by a simple linear field transformation.
In that sense the non-local system is equivalent to this. The aim of the paper is to seek an
answer to question: how does the non-locality generated in infrared can affect or modify the
low-energy physics of the system?
In cosmology we expect that there will exist entanglement beyond the Hubble radius,
as in deSitter expanding space-time a particle pair which was initially created in causally
connected region will eventually get separated and lie in causally disconnected regions of
deSitter space-time. We know that quantum corrections lead to infrared non-locality in
theories. So if the system begets a non-locality which becomes important in infrared then
such non-locality is expected to have a role to play in affecting the entanglement between
two disconnected regions of the deSitter space-time. With this motivation we investigate the
change in behaviour of the entanglement due to the presence of infrared non-locality.
In local theories in flat space it is known that there is no long-range entanglement.
However, in deSitter space it has been noticed in [19] that particle creation give rise to long-
range entanglement. In local theories this feature is specific to deSitter space and doesn’t
have any flat space counterpart. In this paper we are interested in exploring the modification
this feature gets due to the presence of infrared non-locality and ask the question whether
non-locality can have any non-trivial effect on such long-range entanglement?
Following the methodology described in the paper [19], we repeat the computation for
the case of non-local massive scalar field theory. In the limit when non-locality strength goes
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to zero (i.e. when theory becomes local) we arrive at a local theory where the results are
seen to be not in disagreement with the results obtained in [19]. In the case when we have
non-locality in system then it adds an additional dimension into the problem. For massless
theory, the presence of non-locality is seen to strongly affect the entanglement. This effect is
however not monotonic in nature. As λ2 is increased from zero to higher-values, it is noticed
that the entanglement first increase, reaches a peak value and then decays. In the case when
we change the sign of λ2 → −λ2 then an oscillating behaviour is witnessed in the long-range
entanglement. This situation has been depicted in the figure 2. Such oscillations is due to
the presence of tachyonic modes. This situation is gets more clear when one express the
non-local system as a local system of decoupled scalars as expressed in eq. (2.8). Then the
massless non-local case reduces to a very simple lagrangian of decoupled scalars with masses
depending on λ. Then the case with decaying entanglement refers to decoupled scalars with
complex masses, while the case of oscillating entanglement entropy refers to case of decoupled
scalars with a tachyonic mass.
In the case when we have a massive non-local theory then the behaviour of entanglement
entropy is more complicated in nature. This is depicted in figure 3. The qualitative features
of this remains the same as in massless case although minute differences are noticed.
We then computed Re´nyi entropy for our case. As the density matrix for the system
was known, so it allowed the computation of Re´nyi easily following the definition. We then
studied the behaviour of Sq with respect to non-locality strength λ
2 for various values of q.
The qualitative features of Sq are similar to the entanglement entropy: decaying for positive
λ2 and oscillating for −λ2, although a flattening of figure is witnessed in case of lower values
of q. This is depicted in figure 4.
The work presented here indicate the effect the presence of infrared non-locality will
have on the entanglement between two disconnected regions of deSitter space-time. As
infrared non-locality is an inevitable feature of well-defined quantum field theories, where
it can naturally arise at low energies due to quantum corrections via renormalisation group
running of parameters, therefore it means that infrared non-locality will have strong effect on
the entanglement of disconnected regions. Hence, particle pair initially created in a causally
connected region (inside Hubble radius) and later separated due to deSitter expansion (moved
outside Hubble horizon) will be either strongly or weakly entangled depending on the nature
of non-locality. This paper dealt with non-locality present in scalar field theory which play an
important role in cosmology in understanding both early and late-time Universe. However,
similar analysis can also be extended to field theories of other spin particles. This work sheds
light on the importance of non-locality in the long-range entanglement and the significant
role they will play in the deSitter phase of the cosmology.
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